
A MAP Decoder for TVB Codes on a Generalized
Iyengar-Siegel-Wolf BPMR Markov Channel Model

Johann A. Briffa and Victor Buttigieg,
Dept. of Comm. & Computer Engineering,

University of Malta, Msida MSD 2080, Malta.
Email: johann.briffa@um.edu.mt and victor.buttigieg@um.edu.mt

Abstract—We present a generalization of the Iyengar-Siegel-
Wolf Markov channel model for BPMR media to allow negative
drift, and adapt the MAP decoder for Time-Varying Block
(TVB) codes to work on this generalized model while minimizing
complexity. We also describe a method for designing near-optimal
codes for this channel using simulated annealing, obtaining better
performance than alternative designs. In concatenation with a
(999, 888)16 LDPC code, we achieve a Frame Error Rate (FER)
of 10−3 at a channel error rate that is 1.73× higher than
the best result with existing designs. A simple extension to
include substitution errors allows the channel to approximate the
Dependent Insertion, Deletion, and Substitution (DIDS) channel,
with a decoding complexity that is 10× lower than that of Wu
and Armand’s RC2 decoder. Performance in the absence of burst
errors is almost identical. When the DIDS channel includes burst
substitution errors, our decoder performs worse than the RC2
decoder but maintains its complexity advantage. For the same
concatenated code, our decoder achieves a FER of 10−3 at a
channel error rate that is 1.68× lower than the RC2 decoder.
Finally, simulation results show that our code designs improve
on existing constructions for the DIDS channel.

Index Terms—Bit-patterned media, high-density magnetic
recording, written-in errors, insertion-deletion correction.

I. INTRODUCTION

Bit-patterned media recording (BPMR) is an advanced
magnetic recording technology that can achieve high storage
densities [1]. In contrast to conventional magnetic recording,
where the recording surface is assumed to be coated with a
continuous film of magnetic material, in BPMR the magnetic
material is distributed in islands surrounded by non-magnetic
material. As recording densities increase, each island consists
of less grains, where each grain is considered to be a discrete
unit that can take one of two possible states. The separation
of islands with non-magnetic material ensures that magnetic
grains in each island do not affect grains in neighbouring
islands. Each island can safely be used as a bit-cell, storing one
bit of information. Recording on bit-patterned media presents
additional challenges during the write process, where the write
head needs to be correctly aligned to the island to be written.
Timing and phase errors during the write process and physical
imperfections in the pattern can result in written-in errors.

In an abstract channel model, these written-in errors can be
represented as synchronization errors. Several channel models
exist for synchronization errors, from the early model of
Gallager [2] to the popular Binary Substitution, Insertion, and
Deletion (BSID) channel, a random channel with unbounded

synchronization and substitution errors originally presented in
[3]. Of particular interest for the magnetic recording com-
munity are the models due to Iyengar, Siegel, and Wolf [4],
designed specifically for the write channel in BPMR. These
models take into account the physical characteristics of the
writing process, causing data-dependent insertion when the
write head skips an island, and deletion when an island is
overwritten. The models presented in [4] differ in the way
the occurrence of insertion and deletion is governed. In the
simplest model a Bernoulli process is used to determine the
channel state Zi, defined as the delay corresponding to output
bit Yi. In alternative models, Zi is determined by a binary or
K-ary first-order Markov process; clearly the binary Markov
process is a special case of the K-ary Markov process. In this
paper we are concerned exclusively with the K-ary Markov
model, which we call the ISW-M channel, combining the
authors’ initials with an indication that the channel state is
determined by a Markov process.

The ISW-M model was subsequently modified and extended
by Wu and Armand in [5], resulting in the Dependent Inser-
tion, Deletion, and Substitution (DIDS) channel. The DIDS
channel allows negative channel state but prohibits successive
insertion events; no reason was stated for this limitation, which
requires synchronization errors to be modeled as a second
order Markov process. The channel also allows substitution er-
rors using a binary symmetric model with a higher probability
of error in the vicinity of a synchronization error. This addition
is explained as a model for the weakness of the magnetic
write field in the down-track grains. In further work, Wu et
al. added a partial response read channel [6], and extended
this to consider multi-track effects in [7]. Most recently, Wu
and Armand proposed reduced-complexity decoders for DIDS,
and gave empirical results for existing code designs [8].

In earlier work we presented Time-Varying Block (TVB)
codes as a general class of synchronization error-correcting
codes with a suitable maximum a posteriori (MAP) decoder
for the BSID channel [9]. In this paper we generalize the
ISW-M channel model to allow deletion before insertion,
which is not prohibited by any physical constraint in the
BPMR write channel. We adapt the MAP decoder for TVB
codes to work on this generalized model. Care is taken
to minimize the required complexity, and a computation /
memory trade-off is presented. We also present a method for
designing near-optimal codes for the generalized channel using



simulated annealing. Results show that the codes obtained
perform better than alternative designs for this channel. We
also present a simple extension to the generalized channel to
model substitution errors. This allows the extended channel
to approximate the DIDS channel. When burst errors are not
modeled by the DIDS channel, our extended channel behaves
almost identically while allowing decoding at a much lower
complexity than Wu and Armand’s RC2 decoder. This is
because our extended channel can be modeled as a first order
Markov process, while the DIDS channel requires a second
order Markov process. Simulation results show that our code
designs improve on existing constructions, and the reduced
complexity of our decoder allows us to significantly improve
results using iterative decoding. When the DIDS channel
includes burst substitution errors, our decoder performs worse
than the RC2 decoder but maintains its complexity advantage.

This paper is organized as follows. We start by giving the
definition of TVB codes in Section II-A, followed by the
generalized ISW-M channel model in Section II-B. The MAP
decoder for the generalized ISW-M channel model is given
next in Section III, and its algorithm complexity is considered
in Section IV. We present our method for designing near-
optimal codes using simulated annealing in Section V, with
empirical results in Section VI. The generalized channel is
extended to model substitution errors in Section VII, with
experimental results in Section VIII to compare with published
results for the DIDS channel. We close with a summary and
pointers for further work in Section IX.

II. BACKGROUND

A. TVB Codes

We follow the definition in [9], where a TVB code is defined
by the sequence C = (C0, . . . , CN−1), which consists of the
constituent encodings Ci : Fq ↪→ Fn2 for i = 0, . . . , N − 1,
where n, q,N ∈ N, 2n ≥ q, and ↪→ denotes an injective
mapping. For any sequence r, denote arbitrary subsequences
as rba = (ra, . . . , rb−1), where raa = () is an empty se-
quence. Given a message DN

0 = (D0, . . . , DN−1), each
Ci maps the q-ary message symbol Di ∈ Fq to codeword
Ci(Di) of length n. That is, DN

0 is encoded as Xτ
0 =

C0(D0)‖ · · · ‖CN−1(DN−1), where a‖b is the juxtaposition
of a and b and τ = nN . Each q-ary symbol is encoded
independently of previous inputs, and different codebooks may
be used for each input symbol. To avoid ambiguity, we refer
to the message sequence as a block of size N and the encoded
sequence as a frame of size τ .

Two constituent encodings Ci, Cj are said to be equal if
Ci(d) ∈ Cj ∀d ∈ Fq . For a given TVB code, the set
of unique constituent encodings is that set where no two
constituent encodings are equal; the cardinality of this set,
denoted by M ≤ N , is called the order of the code. In this
paper we restrict ourselves to TVB codes of order M = 1,
which we denote by the tuple (n, q).

B. Channel Model
We consider a generalization of the ISW-M channel, where

we also allow the channel state to take negative values. For
brevity, we will refer to this model as the GISW-M channel,
defined as follows. When the encoded sequence Xτ

0 is input
to the channel, the channel output is Yτ

0 , where each element
in the sequence is given by

Yi = Xi−Zi (1)

and Zτ−1 is the channel state sequence with initial condi-
tion Z−1 = 0. The channel state Zi ∈ {Zmin, . . . , Zmax}
represents the drift corresponding to output Yi, that is the
difference between the number of bits output by the channel
and input to the channel at output index i. Note that Zmin ≤ 0,
Zmax ≥ 0 and Zmin ≤ Zmax. The first-order Markov process
that determines the channel state sequence is defined by the
transition probabilities

Pr {Zi = z | Zi−1 = z − 1}

=

{
Pi Zmin < z ≤ Zmax

0 otherwise
(2a)

Pr {Zi = z | Zi−1 = z + 1}

=

{
Pd Zmin ≤ z < Zmax

0 otherwise
(2b)

Pr {Zi = z | Zi−1 = z}

=


1− Pi − Pd Zmin < z < Zmax

1− Pi z = Zmin

1− Pd z = Zmax

0 otherwise

(2c)

All remaining transitions have zero probability. As in [4] we
assume Pi ∈ [0, 1] and Pd ∈ [0, 1 − Pi]. Note that the ISW-
M channel is a special case of this channel, when Zmin =
0 and Zmax = K. The generalization presented here allows
deletion before insertion when Zmin < 0. This allows our
model to encapsulate or approximate the behaviour of other
BPMR channel models, such as those of [8]. We also believe
that the BPMR write channel has no physical constraint that
requires Zmin = 0.

The defined transitions therefore limit the first state to Z0 ∈
{−1, 0, 1}, where Z0 = −1 is only possible if Zmin < 0 and
Z0 = 1 is only possible if Zmax > 0. By extension, even
when Zmin < −i − 1 and Zmax > i + 1, the channel state
is also limited to −i − 1 ≤ Zi ≤ i + 1. As in [4], when
evaluating (1), if i − Zi < 0 then the channel output keeps
the pre-existing magnetic state of the corresponding island, so
that Yi ∈ {0, 1} with equal probability. Observe that this can
only happen in the first Zmax output bits (or equivalently for
Yi, i < Zmax). Additionally, if i − Zi ≥ τ then Yi takes the
value of the last value written at that position. Assuming that
the span of influence of the writing head is greater than or
equal to −Zmin, the last written value is that of the last input
bit Xτ−1. Observe that this condition can only happen in the
last −Zmin output bits (or equivalently for Yi, i > τ +Zmin).



For convenience, we refer to the input of bits to the channel
model as ‘transmission’ and the output of bits from the channel
model as ‘reception’. While this is not strictly correct, since the
abstract model represents the write channel on BPMR media,
its use avoids more awkward notation.

III. THE MAP DECODER

A. Forward-Backward Algorithm

The object of the MAP decoder for TVB codes is
to determine the a posteriori probability (APP) Li(d) =
Pr {Di = d | Yτ

0}, for d ∈ Fq , 0 ≤ i < N . The decoder
uses the standard forward-backward algorithm for hidden
Markov models, where the Markov state represents the channel
conditions at the codeword boundaries. We calculate the APP
values using

Li(d) =
1

λ

∑
m′,m

αi(m
′)γi(m

′,m, d)βi+1(m), (3)

where λ is a normalizing factor and αi(m), βi(m), and
γi(m

′,m, d) are the forward, backward, and state transition
metrics respectively. Note that strictly, the above metrics de-
pend on Yτ

0 , but for brevity we do not indicate this dependence
in the notation. The summation in (3) is taken over the
combination of m′,m, which are respectively the Markov state
before and after the codeword at index i. The forward and
backward metrics are obtained recursively using

αi(m) =
∑
m′,d

αi−1(m
′)γi−1(m

′,m, d), (4)

and βi(m) =
∑
m′,d

βi+1(m
′)γi(m,m

′, d). (5)

Finally, the state transition metric γi(m′,m, d) is the prob-
ability of the received subsequence corresponding to start and
end states m′,m respectively at the boundaries of codeword
i entering the channel. In order to define this metric and
initial conditions α0(m), βN (m), we must first define what
the Markov states represent.

B. Codeword Boundary

Consider a lattice structure similar to that in [3], [9] for the
GISW-M channel. The lattice node in row i, column j repre-
sents the channel state Zj−1 = j− i. The general case for the
probability or value of this node, Fi,j = Pr {Zj−1 = j − i},
is given by the recursion

Fi,j = Q(yj−1 | xi−1) [PiFi,j−1 + PtFi−1,j−1 + PdFi−2,j−1]

where Pt = 1− Pi − Pd and

Q(y | x) =
{
1 if y = x,

0 otherwise.

This can be visualized by the lattice segment of Fig. 1. In
contrast to the BSID channel lattice of [3], [9], observe that a
deletion event cannot be represented by a vertical line joining
adjacent nodes. Instead, for the GISW-M channel, when input
bit xi−2 is deleted, xi−1 is necessarily output by the channel

i,j

j →

i 

↓

Pd

yj−1

xi−1

xi−2

Pi

Pt

Figure 1. Segment of lattice showing all paths leading to node in row i,
column j for the general case. Note that the paths only have the labelled
probability when yj−1 = xi−1, otherwise their probability is zero.

j →

i 

↓

yj−1

x'n−1

x'n−2

x'n−3

yj

x1

x0
i,j

Figure 2. Segment of lattice showing all events immediately before and after
the boundary between two codewords x′ and x at the channel input, at a drift
j − i. States on the boundary at this drift are circled.

as yj−1. Observe also that when bit yj−1 is inserted by the
channel, this is necessarily equal to xi−1. Therefore, all lattice
paths have non-zero probability only when yj−1 = xi−1.

Now, the boundary between two consecutively written code-
words x′ and x can be visualized by the lattice segment of
Fig. 2, which shows the events immediately before and after
the boundary at a given drift j − i. Observe that one path
crosses the boundary without connecting with the nodes on
the last row of x′. This path corresponds to the event where
the last bit of x′ is deleted and the first bit of x is output
instead. Unlike in the case of the BSID channel, it is not
possible to completely describe the boundary by the channel
drift, and therefore by the row of nodes after the last bit of
x′. Instead, we need to consider:

a) the row of nodes after the last bit of x′, followed by the
transmission or deletion of the first bit of x, and

b) the row before that, followed by the deletion of the last



bit of x′ and the output of the first bit of x.
For the specific case of the drift at the boundary between
x′ and x being j − i, the two nodes are circled in Fig. 2.
Therefore, the Markov state needs to differentiate between
each possible drift and also between the two options at that
drift. Furthermore, note that insertion events on the boundary
row need to be considered with x′, as the channel output
depends on x′n−1. Therefore, when computing the lattice of
x, we do not consider any insertion events in the first row.

C. Hidden Markov Model

We define the Markov state by the tuple m = (z, δ), where
z ∈ {Zmin, . . . , Zmax} is the drift and δ ∈ {0, 1} corresponds
to the cases where the last bit of the prior codeword is
output or deleted, respectively. A lattice can be obtained,
with additional nodes corresponding to the Markov states at
codeword boundaries, as shown in Fig. 3 for two consecutive
codewords of size n = 3 and z ∈ {−1, 0, 1}. The lattice nodes,
shown in gray, correspond to nodes in the lattice of Fig. 2.
Additional nodes, shown in black and white, correspond to
the Markov states at codeword boundaries. These can be easily
removed, replacing their function with direct paths between the
remaining nodes, and verifying that this lattice is functionally
equivalent to that of Fig. 2. An important property of the lattice
of Fig. 3 is that all the paths are between Markov states in
successive rows, such that this represents a first-order Markov
model. Observe also that there is no Markov state for the tuple
(Zmax, 1).

Initial conditions for the Markov model are given by ob-
serving that the channel starts in state Z−1 = 0 and must end
in state ZN = 0, so that

α0(m) =

{
1 if m = (0, 0)

0 otherwise,

and βN (m) =

{
1 if m = (0, 0)

0 otherwise.

The state transition metric for the MAP decoder can be defined
as

γi(m
′,m, d) =

Pr {Di = d}Ri(Yn(i+1)+z
ni+z′ , z, δ | Ci(d), z′, δ′)

(6)

where m′ = (z′, δ′), m = (z, δ), and the receiver metric
Rk(y, z, δ | x, z′, δ′) is the joint probability of receiving
sequence y and finishing in Markov state (z, δ), having
transmitted codeword x at block index 0 ≤ k < N , starting in
Markov state (z′, δ′). The a priori probability Pr {Di = d}
is determined by the source statistics, which we generally
assume to be equiprobable so that Pr {Di = d} = 1/q. In
iterative decoding, the prior probabilities are set using extrinsic
information from the previous pass of an outer decoder.

D. Complete Receiver Metric

The receiver metric Rk(y, z, δ | x, z′, δ′) is obtained by
computing the lattice of Fig. 3. To reduce complexity, paths
between transitional nodes are computed directly (using the

paths from Fig. 1), rather than going through the intermediate
Markov state nodes. A complete set of equations is given
below, noting that the length of the transmitted codeword
is |x| = n, while the length of the received sequence is
|y| = n + z − z′. Observe also that paths on the lattice only
exist when the drift at each endpoint is within the channel
limits {Zmin, . . . , Zmax}.

The value of the lattice node at index i, j, where 0, 0
represents the node immediately before the boundary between
two transmitted codewords, is given by

Fi,j =



Q(yj−1 | xi−1)·
pδ(z

′ + j − i) i = 1, j = 1, δ′ = 1

Q(yj−1 | xi−1)·
pi(z

′ + j − i)Fi,j−1
i = 1, j > 1, δ′ = 1

Q(yj−1 | xi−1)·
[pi(z

′ + j − i)Fi,j−1
+pt(z

′ + j − i)Fi−1,j−1]
i = 1, j > 0, δ′ = 0

Q(yj−1 | xi−1)·
[pi(z

′ + j − i)Fi,j−1
+pt(z

′ + j − i)Fi−1,j−1
+pd(z

′ + j − i)Fi−2,j−1]

i > 1, j > 0

(7)
where

pt(z) =


1− Pi − Pd Zmin < z < Zmax,
1− Pd z = Zmin,
1− Pi z = Zmax,
0 otherwise,

(8)

pi(z) =

{
Pi Zmin < z ≤ Zmax,
0 otherwise,

(9)

pd(z) =

{
Pd Zmin ≤ z < Zmax,
0 otherwise,

(10)

pδ(z) =

{
1 Zmin ≤ z < Zmax,
0 otherwise.

(11)

Initial conditions are given by:

Fi,j = 0 for i < 0 or j < 0, (12)

F0,0 =


0 δ′ = 1

1
1−Pi

δ′ = 0, z′ < Zmax

1 δ′ = 0, z′ = Zmax,
(13)

Fi,0 = 0 for i > 0, and (14)

F0,j =


0 j > 0, k > 0

0 j > 0, k = 0, δ′ = 1
1
2pi(z

′ + j)F0,j−1 j > 0, k = 0, δ′ = 0.
(15)

Note that at the start of transmission (k = 0), it is possible
to have up to Zmax inserted bits of random value. These
correspond to insertion paths with an undefined input bit in
the first lattice row.
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Pd
Pt

1−Pi

1−Pi
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Pi
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1
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m = (0,0)

m = (0,1)

y'2

x'2

y0

x0
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x2

Pd
1−Pi

Pt
1−Pi

Figure 3. Segment of lattice for z ∈ {−1, 0, 1} showing all events in two successive codewords x′ and x of size n = 3 at the channel input. Markov states
at the boundary between the two codewords are shown in black and white, circled for drift z = 0. Channel state nodes, shown in gray, correspond to nodes
in the lattice of Fig. 2.

Finally, except for the last codeword (i.e. for k < N − 1),
the receiver metric is obtained from the last two rows of the
lattice as follows:

Rk(y, z, δ | x, z′, δ′)

=


(1− Pi)Fn,n+z−z′ z < Zmax, δ = 0

PdFn−1,n+z−z′ z < Zmax, δ = 1

Fn,n+z−z′ z = Zmax, δ = 0

0 z = Zmax, δ = 1.

(16)

At the end of the last codeword (k = N − 1), observe
that the channel output must have a total length τ = nN .
Under these conditions we must end on a lattice node such
that a) j = n− z′ to satisfy the number of bits output by the
channel, and b) Zmin ≤ j− i ≤ Zmax to ensure the final drift
is within the channel limits. Therefore all nodes in column j
and rows n − Zmax ≤ i ≤ n − Zmin are possible end states.
It is implied that when Zmin < 0 we need to compute the
lattice for a further −Zmin rows beyond that corresponding

to the last input bit xn−1. The additional rows correspond to
the possibility of negative drift in the last −Zmin output bits.
Assuming that the span of influence of the writing head is
greater or equal to −Zmin, any such output bits will be equal
to the last input bit xn−1 (c.f. Section II-B). Therefore the
additional −Zmin rows are associated with an input equal to
xn−1. Equivalently, we assume xi = xn−1 for i ≥ n. In this
case (k = N − 1) the receiver metric is given by summing
nodes corresponding to valid end states:

RN−1(y, z, δ | x, z′, δ′)

=

{∑n−Zmin

i=n−Zmax
Fi,n−z′ z = 0, δ = 0

0 otherwise.

(17)

IV. ALGORITHM COMPLEXITY

A. Direct Implementation

Consider first the calculation of the receiver metric as
described in Section III-D. This is recursively computed using



the lattice traversal of (7), in general over n rows for at most
ζ = Zmax − Zmin + 1 nodes in each row. Each node requires
a constant number of operations, so that the complexity of
the receiver metric computation is O(nζ). A complete lattice
traversal will give the receiver metric values of every posterior
state z and option δ, for the given prior state z′ and option δ′.

The final output of the MAP decoder consists of q probabili-
ties for each of N symbols, calculated using (3). This equation
sums over all combinations of prior and posterior states z′, z,
and both options for each of δ′, δ ∈ {0, 1}, defining the domain
for γi(m′,m, d). Now the computation of (3) is dominated
by the evaluation of γi(m′,m, d) in (6), whose complexity is
O(nζ) as shown. Considering the number of times the γ metric
is computed, the MAP decoder has an asymptotic complexity
of O(2Nqnζ2).

B. Pre-Computation of Receiver Metric

For small n, q, ζ it is possible to pre-compute values of
the receiver metric, in a similar way to [8]. For a given z′,
the longest received sequence occurs when z = Zmax, with
a length n + Zmax − z′. The receiver metric for each such
sequence needs to be computed for every possible transmitted
codeword (q options) and δ′. Each computation determines the
receiver metric for every possible m. Since each lattice traver-
sal has complexity O(nζ), the pre-computation complexity is
O(nζ2q

∑Zmax

z′=Zmin
2n+Zmax−z′). It can be shown that this is

equal to O(qnζ2n+1[2ζ−1]). The memory storage requirement
for the pre-computation scales as O(qζ22n+2[2ζ − 1]).

Once the look up table is available, the receiver metric com-
putation no longer dominates the MAP decoder computation.
However, the dominant computation remains the calculation
of the APPs (3), with complexity O(4Nqζ2). In practice, one
may also observe that the condition z = Zmax, δ = 1 is always
unachievable (same applies to z′ = Zmax, δ′ = 1), so that the
complexity can be reduced to O(Nq[2ζ − 1]2).

V. DESIGNING NEAR-OPTIMAL CODES

We can design near-optimal codes for the GISW-M channel
using a global optimization algorithm to minimise a function
E(C) that estimates the Symbol Error Rate (SER) for a
given codebook C. The estimate can be obtained as follows.
Consider first a transmitted codeword x, part of a longer trans-
mitted message, and a corresponding received subsequence y.
The channel state before transmitting x is z′ and δ′ determines
whether the last bit of the previous codeword was deleted. The
joint probability of z′, δ′,x and y is given by

P (x,y, z′, δ′)

=
∑
z,δ

Pr {z′, δ′}Pr {x}R(yn−z′+z0 , z, δ | x, z′, δ′)
2|y|−n+z′−z

(18)

where Pr {z′, δ′} and Pr {x} are prior probabilities and y
must be long enough to accommodate the output for every end
state z, so that |y| = ρ = n + Zmax − z′. The denominator
in (18) compensates for the number of times the relevant
subsequence yn−z

′+z
0 will appear in a sequence of length |y|.

For any given y, z′, δ′ it can be seen that the joint probability
is
∑

x∈C P (x,y, z
′, δ′), while the most likely transmitted

codeword is argmaxx∈C P (x,y, z
′, δ′). We can therefore

obtain an estimate for the SER by subtracting the probability
of correctly decoding y when the estimated start state is
(ẑ′, δ̂′) from the joint probability of y, z′, δ′, for all possible
y, z′, δ′. The complete equation is shown in (19), where
ρ = n + Zmax − z′, and Pr

{
ẑ′, δ̂′ | z′, δ′

}
is the prior

probability that the estimated start state is (ẑ′, δ̂′) when the
actual start state is (z′, δ′).

We use simulated annealing [10], [11] to minimise the
SER estimate E(C) for codebooks of a given size. The
algorithm is initialized with a random codebook of size (n, q),
where all q codewords are unique binary strings of length n.
The perturbation scheme adopted in the simulated annealing
algorithm flips a random bit of a random codeword, with
the constraint that all codewords should remain unique. The
annealing schedule varies the ‘temperature’ parameter from
T = 1 to T = 10−5 on a logarithmic scale over 10 000
iterations. Pre-computation of (18) reduces the computational
load of determining E(C) and makes the use of simulated
annealing feasible for small codes as used in this paper.

VI. RESULTS ON THE GISW-M CHANNEL

To facilitate reproduction of these results, the TVB code-
books used are available online [12]. Simulations are per-
formed using the open-source SimCommSys platform [13],
with a 95% confidence interval of ±5%.

We consider first the GISW-M channel with Zmin = 0,
Zmax = 1, equivalent to the binary Markov state channel of
[4]. It was shown in [4, Section VII] that error-free trans-
mission on this channel can be achieved using the 2-repetition
code, for any Pi, Pd. However, no code designs were given for
higher rates. We therefore first look at high-rate codes designed
for the BSID channel, and consider their performance on this
channel. These designs include the sparse code and distributed
watermark sequence due to Davey and MacKay [14], which
we refer to as DM codes, and conventional marker codes
as used by Ratzer [15] and others. Specifically, we consider
the (5, 16) DM code concatenated with a (999, 888)16 LDPC
code, from [14, Code D]. We also consider a marker code
from [8], where a marker sequence chosen randomly from
M = {01, 10} is written after every k = 8 data bits, denoted
by (k,M) = (8, {01, 10}). In this case the outer code used is a
(998, 888)16 LDPC code derived from the (999, 888)16 LDPC
code of [8] by removing one row of the parity check matrix.
This change was necessary to keep each LDPC codeword
representable by an integral number of marker codewords. The
(999, 888)16 LDPC code of [8] was kindly made available by
the authors of that work in a private communication. While
the two (999, 888)16 codes of [14], [8] are not identical, we
have verified that they have the same performance on the q-ary
symmetric channel.

The frame error rate (FER) for both concatenated codes is
shown in Fig. 4 for the GISW-M channel with Z ∈ {0, 1},



E(C) =
∑
z′,δ′

∑
y∈Fρ2

∑
x∈C

P (x,y, z′, δ′)−
∑
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Figure 4. Performance of different inner code designs in concatenation with
an outer LDPC code on the ISW-M channel.

when decoded using our MAP decoder of Section III. It can be
seen that the marker code outperforms the DM code when we
do not use iterative decoding between inner and outer codes.
Iterations improve the result of the DM code considerably
while making a smaller difference in the case of the marker
code. This implies that prior information about the encoded
symbols allows the MAP decoder to significantly improve
its performance in the case of DM codes, but to a lesser
extent in the case of marker codes. We believe this is because
in this constrained channel, where substitution errors cannot
occur and the channel state is limited to Zi ∈ {0, 1}, the
Markov state at codeword boundaries is very well determined
by the two marker bits. Any further information is only helpful
to distinguish between codewords at a given index, and has
minimal effect on adjacent codewords. On the same graph
we also show the performance of a near-optimal TVB code
designed for the GISW-M channel as described in Section V.
Even without iteration, this outperforms both the DM code and
marker code by a considerable margin; iterative decoding gives
a further gain. For comparison, we also plot the symmetric
information rate (SIR) at the overall code rate used; this was
obtained from [4, Fig. 10].

VII. MODELING SUBSTITUTION ERRORS

In order to compare with results from Wu and Armand
[5], [8], we extend the GISW-M channel to allow substitu-
tion errors. We refer to this extended model as the GISW-
MS channel, where inserted bits are subject to symmetric
substitution error with probability Psi while other bits are
subject to symmetric substitution error with probability Ps.
In the DIDS channel of [5], output Yi is subject to a higher
substitution error rate if an insertion occurred in any of the
outputs Yi+L+1

i−L or if a deletion occurred in any of the outputs
Yi+L
i−L, where L ≥ 0 represents the burst length. It is easy

to verify that the GISW-MS channel with Zmin = −1 and
Zmax = 1 is equivalent to the DIDS channel with no burst
errors (i.e. for L = 0), except that the GISW-MS channel
also permits successive insertion events. Note that the ISW-M
channel with K > 1 also permits successive insertion events,
and the DIDS channel permits successive deletion events.
Furthermore, Wu and Armand do not give any explanation for
prohibiting successive insertions, and as far as we are aware
the BPMR write channel does not require any such constraint.

The MAP decoder of Section III can be modified for the
GISW-MS channel by changing the path probabilities to take
into account the possibility of substitution errors. Specifically,
the computation (7) for the lattice node in row i, column j is
changed to:

Fi,j =



Qs(yj−1 | xi−1)
pδ(z

′ + j − i) i = 1, j = 1, δ′ = 1

Qsi(yj−1 | xi−1)
pi(z

′ + j − i)Fi,j−1
i = 1, j > 1, δ′ = 1

Qsi(yj−1 | xi−1)
pi(z

′ + j − i)Fi,j−1
+Qs(yj−1 | xi−1)
pt(z

′ + j − i)Fi−1,j−1

i = 1, j > 0, δ′ = 0

Qsi(yj−1 | xi−1)
pi(z

′ + j − i)Fi,j−1
+Qs(yj−1 | xi−1)
[pt(z

′ + j − i)Fi−1,j−1
+pd(z

′ + j − i)Fi−2,j−1]

i > 1, j > 0

(20)
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Figure 5. Performance of different inner code designs in concatenation with
an outer LDPC code on the GISW-MS channel. Curves marked with a † are
from [5], [8] for the DIDS channel.

where

Qs(y | x) =
{
1− Ps if y = x,

Ps otherwise

Qsi(y | x) =
{
1− Psi if y = x,

Psi otherwise

Everything else remains the same, and decoding complexity
is unaffected.

VIII. RESULTS ON THE GISW-MS CHANNEL

To compare with [5], [8] we consider the GISW-MS channel
with Zmin = −1, Zmax = 1, Ps = 10−3 and Psi = 10−1.
As discussed in Section VII, this is equivalent to the DIDS
channel with L = 0, except that the GISW-MS channel also
permits successive insertion events. This implies that at the
same channel event probabilities, the GISW-MS channel is
marginally worse than the DIDS channel. However, at the
error rates and channel probabilities considered here and in
the literature, the difference is negligible; we have also verified
this experimentally.

A. Decoding Performance when L = 0

We consider the same DM code and marker code from Sec-
tion VI. We also consider a (5, 16) inner code from [8] which
we refer to as the WA code1. Additionally, we give results for
a near-optimal (5, 16) TVB code designed specifically for the
GISW-MS channel, using the method described in Section V.
The FER for these codes, in concatenation with an outer LDPC
code, is shown in Fig. 5.

Consider first the results from [5], [8] for the DIDS channel,
marked with a †. The poorest performance is given by the DM
code; iterative decoding gives a substantial improvement [5].

1Confusingly, in [8] the WA code is referred to as a ‘DM code’, while
the sparse code with random distributed marker is the ‘original DM code’.

In the absence of iterative decoding, performance is improved
by the marker code and further by the WA code [8]. In the
literature, further improvement is only given by using a higher
rate marker code (16, {01, 10}) and a stronger outer code [8].
This improvement is attributed to the outer code’s improved
ability to correct substitution errors, which cannot be corrected
by the marker code. It is unfortunate that no results for iterative
decoding are given in [8].

Next consider iterative decoding on the (8, {01, 10}) marker
code (concatenated with the (998, 888)16 LDPC code as in
Section VI) and the WA code. Our simulations show that con-
siderable improvement can be obtained by decoding iteratively.
Finally, the TVB code performs similarly to the WA code when
decoded non-iteratively. It improves slightly on the WA code
when the concatenated codes are iteratively decoded. For the
same outer code and inner code rate, and the same number of
iterations, designed codes perform much better than marker
codes.

B. Decoding Performance when L > 0

Clearly, the burstiness of the DIDS channel with L > 0
cannot be directly represented using the GISW-MS channel
model. However, a sub-optimal approximation can be obtained
as follows. Consider a DIDS channel with random substitution
error rate PR and burst substitution error rate PB. For small
Pi, Pd the probability of having an insertion or deletion event
within an output sequence of length 2L is approximately equal
to 2L(Pi + Pd). Therefore, the average substitution error rate
is approximately equal to

Ps = [1− 2L(Pi + Pd)]PR + 2L(Pi + Pd)PB (21)

while the substitution error rate for inserted bits is Psi = PB.
A decoder implemented using these approximations cannot
take advantage of the burstiness of the channel. However,
its complexity is significantly reduced, as we shall see in
Section VIII-C.

We observe the effect on error performance by simulating
the (5, 16) WA code concatenated with the (999, 888)16 LDPC
code, from [8], and comparing with results using the RC2
decoder of [8]. The FER for this concatenated code using each
decoder is given in Fig. 6 for L = 10, 20, 50, 100. Using our
decoder results in a noticeable reduction in error correcting
performance, for a substantial speed increase. It appears from
the results that the difference in error correcting performance
is greater for L = 10, 20 than for L = 50, 100, which is rather
unexpected. Perhaps this is due to the suboptimal nature of the
reduced complexity decoder of [8], where its performance may
be worse for larger L.

C. Complexity Comparison with Wu & Armand

Given that the MAP decoder for the GISW-MS channel can
be used as a suboptimal decoder for the DIDS channel, it is
useful to compare its complexity with decoders specific to the
DIDS channel. Consider the RC2 decoder of [8], which is the
lowest-complexity decoder available and the only one that is
feasible for L > 5. When the middle metric is pre-computed,
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Figure 6. Performance of the (5, 16) WA code in concatenation with a
(999, 888)16 LDPC code on the DIDS channel for L > 0. Dashed curves
are from [8], using the reduced complexity decoder (RC2). Solid curves
use our MAP decoder, assuming the channel is a GISW-MS channel with
corresponding error rates.

the RC2 decoder has complexity O(Nq) according to [8]. A
closer examination of [8, Eq. (2)] reveals that the summation
is performed over a domain of size 162, for a total complexity
O(256Nq).

In comparison, when we pre-compute the receiver metric
our MAP decoder has complexity O(Nq[2ζ − 1]2). For the
same range of channel states as the DIDS channel, ζ = 3
so that the MAP decoder has complexity O(25Nq). This
corresponds to an order of magnitude reduction in complexity.

IX. CONCLUSIONS

In this paper we presented the GISW-M channel model
as a generalization of the Markov channel model in [4] to
allow negative drift, and adapted the MAP decoder for TVB
codes [9] to work on this generalized model. The adaptation
presented minimizes the required complexity, and includes
a trade-off between memory and computation requirements.
We also gave a method for designing near-optimal codes for
the GISW-M channel using simulated annealing, obtaining
better performance than that obtained with alternative designs
found in the literature. For example, in concatenation with
a (999, 888)16 LDPC code, we achieve a Frame Error Rate
(FER) of 10−3 at a channel error rate that is 1.73× higher.

A simple extension allows modeling of substitution errors,
giving the GISW-MS channel, and can be used to approximate
Wu and Armand’s DIDS channel [5]. Our MAP decoder for
GISW-MS channel has complexity that is 10× lower than that
of Wu and Armand’s RC2 decoder for the DIDS channel,
while performing almost identically in the absence of burst
errors. This is possible because the GISW-MS channel model
can be represented by a first order Markov process, while
the DIDS channel requires a second order Markov process.
When the DIDS channel includes burst substitution errors, our
decoder performs worse than the RC2 decoder but maintains

its complexity advantage. For the same concatenated code, our
decoder achieves a FER of 10−3 at a channel error rate that is
1.68× lower than the RC2 decoder. Finally, simulation results
show that our code designs improve on existing constructions
for the DIDS channel. The reduced complexity of our decoder
allows us to significantly improve results using iterative decod-
ing, achieving a FER of 10−3 at a channel error rate that is
1.41× higher than the best result in the literature (where the
decoder was non-iterative).

There is further potential in using TVB codes of order M >
1 to increase the design flexibility at codeword boundaries,
thereby improving performance. This is the subject of further
work.
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