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Abstract—Minimum distance (MD), maximum likelihood
(ML), and maximum a posteriori (MAP) decoding is considered
for synchronization error correcting (SEC) codes with known
codeword boundaries when transmitted over the Binary Sub-
stitution, Insertion and Deletion channel. It is shown that MD
decoding is sub-optimal, unlike ML or MAP decoding. Based
on ML and MAP decoding, a new measure called the Change
Probability is defined for SEC codes. A simulated annealing
algorithm is then used to design new codes based on this
measure. It is shown that the symbol error rate performance
of these new codes is marginally better than that of Varshamov-
Tenengol’ts single error-correcting codes and significantly better
than Helberg multiple-error correcting codes. Compared to a
double error-correcting Helberg code of length 17 the symbol
error rate performance is improved by an order of magnitude
for the same decoding complexity. To improve performance when
codeword boundaries are not known, we use Time Varying Block
(TVB) codes consisting of a set of SEC codes applied in a random
sequence. Finally, a TVB code is used as an inner code in
a concatenated system with a standard error-correcting outer
code, improving performance over a similar system that uses an
improved watermark string in the Davey-MacKay construction.

Index Terms—Insertion-Deletion Correction, Synchronization

I. INTRODUCTION

In error control coding it is normally assumed that the
system is synchronized, so that corruption of the transmitted
symbols is possible while loss or gain of symbols are not
considered. Although insertion and deletion correcting codes
have been considered for a long time in the literature [1]–
[4], they have not yet found widespread use. This may be
partly due to the considerable increase in difficulty when
analysing channels that exhibit synchronization errors, as well
as constructing and decoding suitable codes. For example, a
closed form expression for the capacity of even the simplest
synchronization error channel, the deletion channel, is not yet
known [5]. Even so, the interest in synchronization correcting
codes and related channels is strong, as witnessed by a recent
survey [6]. Recent results are also motivated by applications
which stand to benefit from these type of codes, such as bit-
patterned media [7] and image watermarking [8].

In earlier work we introduced Synchronization and Error-
Correcting (SEC) codes with matched marker sequences that
correct for synchronization and substitution errors [9]; these
were concatenated with non-binary codes to correct residual
substitution errors. This scheme improved on a concatenated
system introduced by Davey and MacKay [10] using an inner

sparse code with an additive random marker sequence.
The main contribution of this paper is a heuristic construc-

tion algorithm for SEC codes for improved performance over a
synchronization error channel when the codeword boundaries
are known. Time Varying Block (TVB) codes are then used to
extend this construction for the case when codeword bound-
aries are not known. We also show that Minimum Distance
(MD) decoding of SEC codes is sub-optimal when compared
to Maximum Likelihood (ML) or Maximum A Posteriori
(MAP) decoding.

We start by discussing various decoding strategies for SEC
codes in Section II. Next we give a new construction algorithm
for SEC codes in Section III. A TVB construction is given
in Section IV that improves the performance of SEC codes
when the codeword boundaries are not known. We illustrate
the possible improvements obtained using these constructions
in Section V and finally conclude in Section VI.

II. DECODERS FOR SEC CODES

Following the notation of [9], consider a (n, q, dlmin
) SEC

code C with q codewords each of length n bits having a
minimum Levenshtein distance dlmin . Assume that a codeword
v ∈ C is transmitted over a Binary Substitution, Insertion
and Deletion (BSID) channel as defined in [10]. Each bit
transmission event may result in one of three outcomes: either
an insertion error occurs with probability Pi whereby a random
bit is transmitted; or a deletion error occurs with probability
Pd whereby the bit is not transmitted; or transmission occurs
with probability Pt = 1−Pi−Pd whereby the bit is transmitted
correctly with probability 1− Ps or reversed with probability
Ps. In the case of an insertion error, the channel remains in the
same transmission state and all three events are possible once
more. This may result in multiple consecutive insertion errors.
During an insertion event, a 0 or a 1 is randomly inserted with
equal probability. Let r denote the received word, where in
general the length of r is not the same as that of v.

In this section we shall assume that the decoder knows the
codeword boundaries. Note that on the BSID channel there
can be no insertion errors after the last bit of a transmitted
codeword. Any insertion errors occurring in the boundary
between two codewords is considered at the start of the second
codeword. Furthermore, in this work we map each codeword
to a source symbol, such that a (n, q, dlmin

) SEC code is used
to encode a q-ary source.



A. Maximum A Posteriori Decoding

Given that the decoder knows the codeword boundaries,
a MAP decoder can decode each codeword independently.
Therefore the symbol level MAP decoder’s objective is to
decode that codeword v that maximizes Pr {v | r}.

B. Maximum Likelihood Decoding

A ML decoder chooses v̂ ∈ C such that

v̂ ∈ V = argmax
v

{Pr {r | v} : v ∈ C}. (1)

If |V | > 1, v̂ is chosen uniformly at random from this set.
For a given v ∈ C let ns, ni and nd be respectively

the number of substitution, insertion and deletion errors that
may transform v into r. In general this could be achieved
in several ways. Let Mns,ni,nd

(v, r) be the multiplicity of
possible transformations of v into r for specific values of ns,
ni and nd. Note that this is a function of both v and r. Then

Pr {r | v} =
∑

ns,ni,nd

Mns,ni,nd
(v, r)Pe(ns, ni, nd), (2)

where Pe(ns, ni, nd) = Pni

i Pnd

d Pns
s Pn−nd

t (1−Ps)
n−nd−ns is

the probability of having the corresponding number of errors
[11]. An efficient recursive solution to (1) and (2) was given
by Bahl and Jelinek [12] using a lattice structure.

C. Minimum Distance Decoding

A MD decoder chooses v̂ ∈ C so as to minimize the
weighted End Modified Levenshtein (EML) distance to r:

v̂ ∈ V = argmin
v

{dwe(v, r) : v ∈ C}, (3)

where dwe(a,b) is the weighted EML distance between a and
b. If |V | > 1 a codeword is chosen uniformly at random from
V and a decoding tie is said to occur. The weighted EML
distance is defined by

dwe(a,b) = min
ns,ni,nd

{wsns + wini + wdnd}, (4)

where ns, ni and nd are the number of substitutions, in-
sertions and deletions required to transform a into b and
ws, wi and wd are constant non-negative weights. In this
transformation, no insertions are allowed at the end of a. The
EML distance de(a,b) is a special case of dwe(a,b) with
ws = wi = wd = 1. The (weighted) EML is similar to
the standard (weighted) Levenshtein distance [13] with the
difference that no insertions are allowed at the end of the
codeword. This makes this distance non-symmetric, i.e. in
general dwe(a,b) 6= dwe(b,a). Hence the EML distance is not
a metric. For example, de(000, 0001) = 2. The Levenshtein
distance between these two words, dl(000, 0001), is however
one. Also note that de(0001, 000) = 1 6= de(000, 0001).

D. Comparison between the Decoding Strategies

It is easy to see that if codewords are equiprobable and can
be decoded independently, ML and symbol-level MAP decod-
ing are equivalent. Independent decoding can occur when the
decoder has full knowledge of the codeword boundaries.

Let us now compare the performance of MD and ML
decoding when Ps = Pi = Pd =: p � 1. Under these
conditions, the dominant term in summation (2) is for l =
min {ns + ni + nd} | Mns,ni,nd

(v, r) > 0. Note that l is the
EML distance between v, r. Now, let

M̃l(v, r) =
∑

ns+ni+nd=l

Mns,ni,nd
(v, r). (5)

Then Pr {r | v} ≈ M̃l(v, r)p
l and

log Pr {r | v} ≈ l · log p+ log M̃l(v, r). (6)

Therefore ML decoding under these conditions chooses v
maximizing (6). The factor log p is a negative constant for
all v. Hence, to maximize the first term on the right hand
side of (6), l needs to be minimized. This is equivalent to the
criterion for MD decoding. However, the second term in (6)
also depends on v and r. It may be possible, for sufficiently
large M̃l(v, r), that (6) is maximised for a codeword v at a
larger EML distance l from r, if codewords with a smaller l
also have a much smaller M̃l(v, r).

Furthermore, when two or more codewords are equidistant
to r (i.e. |V | > 1) the two decoding strategies are different if
the term M̃l(v, r) does not take the same value for all v ∈ V .
This is because the decoded codeword is chosen at random
from this set in MD decoding, while in ML the codeword with
the larger M̃l(v, r) is chosen. Hence for the BSID channel,
MD decoding is not equivalent to ML decoding. This is in
contrast to the Binary Symmetric Channel (BSC) (which is a
special case of the BSID channel with Pi = Pd = 0), where
the two decoding algorithms are equivalent [14].

III. CODE CONSTRUCTION

A. Number of Correctable Errors with MD Decoding

Again, assume that Ps = Pi = Pd =: p � 1, such that
we can use the Levenshtein distance in lieu of its weighted
version. It has been shown in [13] that the weighted Lev-
enshtein distance is a metric iff wi = wd. Therefore, the
Levenshtein distance is a metric, and the triangle inequality
holds. That is, for two codewords v1, v2 and received word
r, dl(v1,v2) ≤ dl(v1, r) + dl(v2, r). Then the number of
correctable errors, of any type, under MD decoding for a
(n, q, dlmin) SEC code C is given by

t =

⌊
dlmin − 1

2

⌋
, (7)

where in this case insertion errors are also allowed at the end
of the codewords.

It is easy to see that de(a,b) ≥ dl(a,b). In addition, either
de(a,b) = dl(a,b) or de(b,a) = dl(a,b), or both. Hence,
the minimum EML distance and the minimum Levenshtein



distance of a code are equal. This means that (7) also applies
for the BSID channel, where insertions are not allowed at
the end of a codeword. The above may be generalised to the
weighted Levenshtein distance as long as wi = wd.

B. Error-correcting Performance with ML/MAP Decoding

In order to ensure that a (n, q, dlmin) SEC code can correct t
errors per codeword, we need to design the code such that (7)
is satisfied. Constructions for such codes are given in [3], [15],
[16]. However, these code designs do not attempt to optimize
performance over a random synchronization error channel such
as the BSID. For ML or MAP decoding it is not enough to
maximize the Levenshtein distance between individual pairs of
codewords. We also have to ensure that there is the smallest
possible number of transformations between these pairs, where
each transformation has the largest possible distance.

We can use (2) to calculate the probability Pr {v2|v1}
of transforming a codeword v1 into a different codeword
v2. In this case, the term Pe(ns, ni, nd) is dependent on the
number of errors ns, ni and nd in a particular transformation
sequence, while Mns,ni,nd

(v1,v2) is the multiplicity of these
transformations. In order to improve the error performance of a
SEC code, we need to minimize the number of transformations
between codewords with a small value of ns + ni + nd.
However this is difficult to achieve in practice because of
the inter-dependencies between the different transformations
that change one codeword into another. When considering
transmission over the much simpler BSC, for two codewords
with a Hamming distance of h, there is only one error-pattern
that can transform one codeword into the other, consisting of h
substitution errors. More significantly, the Hamming distance
between the codewords is a metric, so the triangle rule can
be used to determine the exact number of error patterns that
would lead to a decoding error. However, in the case of SEC
codes transmitted over the BSID channel the error behaviour
is much more complex. There are two main problems. First,
as we have seen, the EML distance is not a metric. Second,
there are many more error patterns that would transform
one codeword into another that require more edits than the
EML distance between the two codewords. This means that
codewords can be considered to be at multiple distances from
each other, depending on which edits (i.e. which error pattern)
are considered. It is obvious that these distances do not form
a metric space. Consequently it is difficult to derive a measure
for SEC codes similar to the distance spectrum for substitution
error-correcting codes which bounds the symbol error rate
(SER) performance. Such a measure would also be useful to
design good SEC codes.

C. Code Construction using Simulated Annealing

In order to capture the effect of these possible transforma-
tions between codewords, one can consider the probability of
transforming one codeword into another. Although this is not
a metric space, it is reasonable to expect that minimizing this
probability should improve the performance of a SEC code
under ML or MAP decoding.

Define the Change Probability (CP) of a SEC code C,
Pc(C), to be the sum of probabilities of changing one code-
word into another, normalised by the number of comparisons:

Pc(C) =
1

|C| (|C| − 1)

∑
v1,v2∈C,v1 6=v2

Pr {v2|v1}, (8)

where |C| is the number of codewords in C. Note that Pc(C)
is dependent on the channel probabilities Ps, Pi and Pd.

Our objective is to design codes with the smallest possible
Pc(C). In order to do this we use a simulated annealing
(SA) algorithm. SA has already been used to design good
error-correcting codes [17]. We adopt a similar strategy here.
We initially set the required number of codewords q and
the codeword length n and initialize the code with random
codewords. The energy function used is Pc(C) as given by (8).
We perturb the code C to produce C ′ by toggling one random
bit from a randomly chosen codeword. If the energy function is
reduced, i.e. if Pc(C

′) < Pc(C), then we retain C ′. Otherwise
we also retain C ′ with probability e(Pc(C)−Pc(C

′))/T , where T
is the ‘temperature’ of the system. If none of these conditions
are met, we revert to the previous code C. In all cases we
repeat the procedure for several energy drops or after a set
maximum number of iterations. We then lower the temperature
T using a geometric progression (lowered temperature set to
αT , 0.9 < α < 1) and repeat the process until the code does
not change following a maximum number of iterations.

In our experiments we have set the initial temperature to be
1000, α was set to 0.99, while the number of energy drops
allowed before the temperature was lowered was set to 50. If
the temperature is lowered ten times without any change in the
energy of the code, it is assumed that the code is stable and the
algorithm is terminated. The maximum number of iterations
allowed before the temperature is lowered was varied between
1000 and 100 000 depending on the codeword length, (more
iterations were allowed for longer codes, due to the larger
search space).

This construction was compared to standard single error-
correcting Varshamov-Tenengol’ts (VT) codes [18] with the
modifications introduced by Varshamov [19] and Levenshtein
[3]. The codewords c = (c1c2c3 · · · cn) of length n of a VT
code are constructed such that

n∑
i=1

i · ci ≡ a mod m, (9)

where m = 2n and with a = 0 giving the maximum number
of codewords. The CPs at Ps = Pi = Pd = 0.01 of three VT
codes (with a = 0) are compared to codes constructed using
the SA algorithm described above in Table I. For each code
size, ninety six different codes were generated using the SA
algorithm and the one with the smallest CP was chosen. Note
that by minimizing the CPs, we also maximize the minimum
Levenshtein distance of the code (c.f. (6)). As a result, all the
codes referred to in Table I have dlmin

= 3.
We also compared the SA construction to Helberg codes

[15] which can correct multiple insertion/deletion errors [16].



Table I
CPS FOR VT AND SA CODES CALCULATED AT Ps = Pi = Pd = 0.01

n q VT Code SA Code Reduction Factor
5 4 1.28508× 10−6 9.45782× 10−7 1.36
8 16 9.28018× 10−7 6.23236× 10−7 1.49
10 52 4.72343× 10−7 4.27377× 10−7 1.11

Table II
CPS FOR HELBERG AND SA CODES CALCULATED AT

Ps = 0;Pi = Pd = 0.01

n q Helberg Code SA Code Reduction Factor
8 4 3.92044× 10−12 1.09404× 10−12 3.58

17 8 8.52249× 10−12 1.11209× 10−14 766.35

These further generalise the VT construction given by (9) by
constructing codewords such that

n∑
i=1

vi · ci ≡ a mod m, (10)

where

vi =

{
0, for i ≤ 0
1 +

∑s
j=1 vi−j , for i > 0,

(11)

m = vn+1, a is an integer and s is the number of inser-
tion/deletion errors to correct.

Using (10) two Helberg codes were constructed both cor-
recting two insertion/deletion errors, as detailed in Table II.
In both cases a = 0, which gives the maximum number of
codewords. Two SEC codes with the same parameters were
also constructed using the SA algorithm (again chosen from
a list of 96 SA codes generated for each code size). As can
be seen from Table II, the reduction in the CP of the SA SEC
codes when compared to their Helberg counterparts is much
more significant than that obtained for VT codes. Note that
for the codes in Table II, the CP probability was calculated
using Ps = 0 and Pi = Pd = 0.01 since Helberg codes do
not correct any substitution errors. Likewise, the two SA SEC
codes were also constructed with these probability values.

IV. TIME VARYING BLOCK CODES

In this section we drop the constraint that the decoder
knows the codeword boundaries. Instead, we assume that only
the frame boundaries are known, where a frame consists of
N consecutive codewords. The relaxation considered here
introduces, among other things, the possibility that the decoder
loses synchronization at codeword level, particularly at higher
channel error rates. To guard against this, it is usual to intro-
duce diversity between adjacent codewords. For example, in
[10] this was achieved by adding a random marker sequence1

that was also known at the receiver. In our earlier work,
for a given SEC code C we determined a number M of
Allowed Modification Vectors (AMVs) that could be added
to C without reducing the resulting code’s dlmin

[9]. These
AMVs were used in a random order to generate a marker

1Called a watermark sequence in [10].
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Figure 1. Comparison of the SER performance of the SEC codes given in
Table I for Ps = Pi = Pd with known codeword boundaries.

sequence that was also known at the receiver. Nguyen et al.
[20] defined a probability metric, similar to our CP, and used
it to choose the best set of AMVs for a VT SEC code.

Here, instead of adding a marker sequence to a single SEC
code, we use a potentially different SEC code for each suc-
cessive transmitted codeword. This is a TVB code as defined
in [21], [22]2. We construct a (n, q,M) TVB code using M
different SEC codes with parameters (n, q, dlmin

), where M
is called the order of the code. In order to improve the error-
correcting performance of the TVB code, the constituent SEC
codes are chosen such that their CP is as small as possible. The
different SEC codes are used in a random order that is also
known at the receiver. The advantage of our scheme over that
of [20] is that we can optimize the choice of each component
SEC code, while in [20] only the choice of AMVs is improved.

As in previous work [9], [10], [20], [23] the TVB code can
be used as the inner code of a concatenated system, with a
standard outer code with block length N (same as the frame
size) and K information symbols. It makes sense in this case
to use a q-ary outer code so that each codeword from the inner
code maps to one symbol of the outer code, as in [10]. The
TVB code corrects the synchronization errors, while residual
substitution errors are corrected by the outer code.

V. RESULTS

Throughout this section, we use the MAP decoder described
in [22]. We consider the VT and Helberg codes as SEC
code constructions and therefore use the SEC notation to
describe them. Fig. 1 shows the performance of the codes
given in Table I with known codeword boundaries (i.e. the
degenerate frame with N = 1). As can be observed for the
(5, 6, 3) and (8, 16, 3) codes, the SA construction gives a slight
performance improvement over the corresponding VT codes.
For the (10, 52, 3) SA code the performance gain is negligible.

2Note, however, that in [21] these are not actually called TVB codes.
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Figure 2. Comparing the SER performance of various Helberg and SA SEC
and TVB codes both with known (N = 1) and unknown (N = 125)
codeword boundaries at Ps = 0, Pi = Pd = 0.01.

The performance difference is consistent with the decrease in
CP in Table I.

In Fig. 2 we compare the SER performance of two Helberg
SEC codes with parameters (8, 4, 6) and (17, 8, 6), both con-
structed with a = 0 and the corresponding SA constructed
SEC codes given in Table II. For both sets of codes, the
minimum weighted Levenshtein distance was calculated with
weights ws = ∞, wi = wd = 1. The SA SEC codes,
which have a much lower CP than the Helberg codes, perform
significantly better over the entire range of channel conditions
considered. For instance at Ps = 0, Pi = Pd = 0.004, the
(17, 8, 6) SA SEC code has an SER that is about an order of
magnitude better than the corresponding Helberg code. It is
important to note that this improvement is achieved for the
same decoding complexity since the two codes have the same
size. These results imply that minimizing the CP to improve
the symbol error rate performance is a good heuristic.

To investigate this claim further, we generate several
(8, 4, 6) SEC codes using the SA algorithm, and plot their SER
performance against their CP in Fig. 3. These results show a
general trend of improving SER performance with decreasing
CP. However, it is clear that CP on its own is insufficient to
determine whether a particular code is better than another.

The reason that the CP is not an accurate measure of the
code’s SER performance may be explained by the complex
interaction between the possible error patterns when deciding
which codeword to decode (c.f. Section III-B). The lack of a
metric space makes enumerating the number of error patterns
that actually give rise to a decoding error a very hard problem.

We consider next the case where codeword boundaries are
not known by the decoder. Frames with n · N = 1000
bits are considered, each consisting of N codewords. The
performance of various TVB codes under these conditions is
shown in Fig. 2. In the case of the Helberg (8, 4, 2) TVB
code, the two constituent codes were generated by taking

Figure 3. Comparison of the SER performance of several SA SEC codes
(blue) and two Helberg codes (red) with a = 0 and a = 5 against their CP
evaluated at Ps = 0, Pi = Pd = 0.01. Error margins are given at 99%
confidence.

a = 0 and a = 5 in (10). These two values of a are the
first to give four codewords in the resultant code. The SEC
codes used to construct the SA TVB codes were constructed
using the algorithm described in Section III-C. From these
results we note that the performance with unknown codeword
boundaries is worse than when the boundaries are known, as
to be expected. However, the degradation in performance is
not catastrophic, and is worse by an almost constant factor
throughout. To illustrate the importance of using a TVB
construction, we also show in Fig. 2 the performance of the
(8, 4, 6) Helberg SEC code when used in 1000-bit frames
(N = 125). As the channel becomes worse, the performance
of this SEC code deteriorates as the decoder starts to slip over
whole codewords. In this case, even using an order 2 TVB
code improves the performance significantly.

Finally in Fig. 4 we show the frame error rate (FER)
performance of a (8, 16, 4) SA TVB code concatenated with
a 16-ary (999, 888) LDPC code. In order to compare results
to those obtained by Nguyen et al. [20] we set Ps = 0. The
best results in [20] were obtained using a (8, 16, 3) VT SEC
code having a marker sequence with two AMVs that maximise
the deviation in the probability metric of the code, denoted by
‘2/256 watermark P (y|x)’ in [20]. Our (8, 16, 4) SA TVB
code, concatenated with the same outer code shows a marked
improvement over the results of [20]. To present results using
the same decoder parameters, we have re-simulated the code
of [20], with the state space limits for the inner code adjusted
dynamically with the conditions of the channel, as explained
in [22]. For instance at Pi = Pd = 0.0275 we assume a
maximum drift of 138, while [20] assume a value of 55
throughout. Also, for the LDPC decoder, we use 20 iterations
instead of 10 as in [20]. Compared to the re-simulated results,
our new SA TVB code still shows improved FER performance,
for exactly the same decoding complexity. For example, at
Ps = 0; Pi = Pd = 0.035 the SA TVB code improves the
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[20] for Pi = Pd; Ps = 0, both codes concatenated with a 16-ary (999, 888)
LDPC code.

FER by about 10%.

VI. CONCLUSIONS

In this paper we have defined the CP of a SEC code.
Minimising this parameter can result in a code with a better
error-correcting performance over the BSID channel. However,
we have also seen that the CP is not an exact indicator of
the code’s performance. In the absence of a better parameter,
the CP remains the best measure that we have identified to
quickly select the best code from a given set with the same
minimum (weighted) Levenshtein distance. One possible way
to get round this problem is to construct a set of SEC codes
with small CP and then simulate these codes to determine the
best performing one. The best way to do this while keeping
the complexity to a minimum is an open problem. The same
technique can also be used to select the best VT or Helberg
codes with the required parameters (n, q, dlmin

) as a is varied
in (9) and (10) respectively.

We have also described a simulated annealing algorithm
to design codes with reduced CP. Simulation results show
improved performance when codeword boundaries are known
and also when only the frame boundaries are known. We have
also shown that our new construction has a better performance
in a concatenated system than the scheme of [20] at the same
decoder complexity.

The results have also shown that the SA construction does
not always produce the minimum value of CP for the given
code parameter. This may indicate that the parameters used
in the SA are not optimised. Better codes may be possible if
the parameters of the SA algorithm described here are better
tuned.
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